We study singularities of solutions of the heat equation, that are not necessarily isolated but occur only in a single characteristic hyperplane. We prove a decomposition theorem for certain solutions on
Introduction
1 .D C /. In Section 3, we use the decomposition theorem to prove a representation theorem, which extends one established by Aronson [2] In Section 4, we consider temperatures u on Dn.C ð f0g/ for an arbitrary compact subset C of D.0/, and give a mild constraint which ensures that they can be written as the sum of a temperature on D and the potential of a signed measure supported in C ð f0g. The idea here is that, because the restriction of u to DnD C has a continuous extension to u Ł (say) on DnD C , we can take D u Ł .Ð; 0/ in the decomposition theorem, so that W C w can be extended to a temperature on D. Given this result, known conditions which imply that ¼ is null can be converted into conditions for C ð f0g to be removable.
Many other papers have been written about removable singularities, including [1, [5] [6] [7] . Isolated singularities of nonnegative temperatures have been characterized by Widder [16, p. 119] , and those of arbitrary temperatures by Chung and Kim [3] .
The decomposition theorem
If ¼ and are, respectively, a measure and a function defined on a subset of R N , they are assumed to be extended by zero to the whole space. Their restrictions to a set A are denoted by ¼ A and A .
A temperature u on D C is called initially zero if u.x; t/ ! 0 as .x; t/ ! .y; 0C/ for all y 2 D.0/.
A family of closed balls is called an abundant Vitali covering of R n if, given x 2 R n and ž > 0, contains uncountably many balls with centre x and radius less than ž. See [13] for a discussion.
The proof of the decomposition theorem requires a preliminary theorem. 
Furthermore, because the boundaries of A \ V and AnV are both ¼-null, it follows from [13, Theorem 7.
Combining (1), (2) and (3), we obtain
On the other hand, if A 2 0 and A \ V D ;, then it follows from [13, Theorem 7.
Given any open subset U of D.0/, choose a sequence of sets fV k g in 0 with union U , and put
kD1 V k for all j ½ 2. Then, by the above,
The result now follows from the regularity of Radon measures.
NOTE. If, in Theorem 1, u.x; 0C/ is finite whenever x 2 D.0/ and the limit exists, then the same is true of W ¼.x; 0C/, and the two are equal. 
REMARK. The measure ¹, associated with u 2 H 1 .D C / by [15, Theorem 1] and described in the first paragraph of the above proof, is called the initial measure of u.
If the initial measure of u is absolutely continuous with respect to m n , then the following corollary may be easier to use than the theorem. Note that, for any u 2 H 1 .D C /, the limit u.x; 0C/ exists and is finite for m n -almost every
x; 0C/ is finite whenever x 2 D.0/nC and the limit exists, and that W ju.Ð; 0C/j < 1 on D C . Then there exist a unique signed measure ¼, supported in C and with finite total variation, and a unique initially zero temperature
PROOF. Let ¹ be the initial measure of u, and let be an abundant Vitali covering of
on F C for some initially zero temperature v, and u.Ð; 0C/ is finite whenever x 2 F.0/ and the limit exists. Therefore, by the note following Theorem 1,
Since W ju.Ð; 0C/j < 1 on D C ; u.Ð; 0C/ is locally integrable on D.0/, and the result follows from Theorem 2.
where Þ j D ¼.fx j g/ for all j . We can show that
as asserted. Compare [2, Theorem 3].
The representation theorem
In this section, we prove an extension of Aronson's representation theorem [2, Theorem 3]. This requires a hypothesis of Dirichlet regularity, which is to be understood in the sense of [10] , as that allows us a much wider class of open sets than does the usual potential-theoretic sense in [4] . We therefore recall the necessary definitions.
Let C .x; t/dx < 1; (6) [7] then u 2 H whenever .y; s/ 2 ess .@ D C /nD. Since h is bounded, g is bounded on E c whenever 0 < c < a, and therefore g can be extended to e D C as u was. Since D C is bounded, it now follows from (6) that lim inf
Put w D g C on e D C , and w D 0 elsewhere on R nC1 C . Then w is continuous on R nC1 C n@ D C , and also on n.@ D C / because of (7). Furthermore, w is upper semicontinuous on ab 1 .@ D C /, and also on ab 2 .@ D C / in view of (7). On R nC1 C nab.@ D C /, w satisfies locally the mean value inequality characteristic of subtemperatures. An application of Fatou's lemma shows that w also satisfies locally the mean value inequality at points of ab.@ D C /. Hence w is a subtemperature, by [8, Theorem 15] .
Since g is bounded on each E c , and Hence, in the notation of [9, Theorem 19], w 2 8 b whenever 0 < b < 1, so that there is a temperature v which majorizes w on R nC1
Since h is the generalized Dirichlet solution for , we have 
where v n is the volume of the unit ball in R n . Furthermore, W .x y; t/d¹.y; 0/ D W ½.x; t/ whenever t > 0. PROOF. By Theorem 3, u 2 H 1 .D C /. Therefore, by Theorem 2, there exist a signed measure ¼, supported in C and with finite total variation, and an initially zero temperature w on 
THEOREM 4. Suppose that D C is bounded and Dirichlet regular, that C is a compact subset of D.0/, that is an abundant Vitali covering of R n , and that is a continuous real-valued function on
D C , such that u D W ¼ C W .Ð; 0/ C w on D C . Let ¹ D ¼ ð Ž 0 , so that G¹ D W ¼ on R
Removable singularities
We now consider the situation where u is a temperature on DnK , for some compact set K D C ð f0g with C Â D.0/. In Theorem 5, under a mild constraint on u, we show that u is the sum of a temperature v on D and the potential G¹ of a signed measure supported in . Note that D u on .V nC/ ð f0g, and that u.x; t/ ! .y; s/ as .x; t/ ! .y; s/ with .x; t/ 2 E C , whenever .y; s/ 2 ess .@ E C /nE. It follows from (9) and Theorem 3 that u 2 H
1 .E C /. Therefore, by the Corollary to Theorem 2, there exist a unique signed measure ¼, supported in C and with finite total variation, and a unique initially zero temperature w on E C , such that
then v is continuous on E and a temperature on En.V ðf0g/, so that v is a temperature on E, by [10, Theorem 5] . C .x; t/dx < 1 [11] for some open superset U of C in R n . If there is an initially nonnegative h 2
for all x 2 C at which the limit exists, then u can be extended to a temperature on D.
PROOF. Since m n .C/ D 0, there exists a positive temperature f on R nC1 C such that f .x; 0C/ D 1 for all x 2 C, by [11, Theorem 11] . The addition of f to h does not affect our hypotheses, and so we can assume that h.x; 0C/ D 1 for all x 2 C.
By Theorem 5, there exist a signed measure ¼ supported in C ð f0g, and a temper- exists and is finite for ¹-almost all x 2 R n . For each x 2 C at which this limit exists, the limit in (10) exists and the two are equal, because h.x; 0C/ D 1 for all x 2 C. Therefore the limit in (11) For the final two theorems, we denote by m q the q-dimensional Hausdorff measure on R n , where 0 Ä q Ä n. We are only concerned that a given set is null, finite, or ¦ -finite with respect to m q , so there is no need to distinguish the case q D n from Lebesgue measure. .n q/ ju.x; t/j < 1 for all x 2 C; (12) or .ii/ q 2 [0; n[, C is ¦ -finite with respect to m q , and
.n q/ u.x; t/ D 0 for all x 2 C; (13) then u can be extended to a temperature on D.
PROOF. By Theorem 5, u can be written as the sum of a temperature v on D, and the potential G¼ of a signed measure supported in C ð f0g.
.n q/ jv.x; t/j is zero if q < n, and is finite if q D n. Therefore conditions (12) and (13) imply similar ones on W ½. We can now apply [14, Theorem 6] (with Z D Y D C, so that the auxiliary function is superfluous) and conclude that ½ C is null. Hence ¼ is null, and u D v.
In our final result we show that, if C has a certain structure, then for sets with finite m q -measure we can weaken (13) without affecting the conclusion. .n q/ ju.x; t/j < 1 for all x 2 C; (16) then u can be extended to a temperature on D.
PROOF. By
.n q/ v.x; t/ ! 0 as t ! 0C for all x 2 C, so that (15) and (16) Now suppose that q D 0, so that C is finite. (In this case, (14) and (16) 
